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THE OSCULATING CONE TO SPECIAL BRILL-NOETHER
LOCI
MICHAEL HOFF AND ULRIKE MAYER
Abstract. We describe the osculating cone to Brill-Noether loci W 0
d
(C) at
smooth isolated points of W 1
d
(C) for a general canonically embedded curve C of
even genus g = 2(d− 1). In particular, we show that the canonical curve C is a
component of the osculating cone. The proof is based on techniques introduced
by George Kempf.
1. Introduction
In Brill-Noether theory, one studies the geometry of Brill-Noether loci W rd (C)
for a curve C, i.e., schemes whose closed points consist of the set
{L ∈ Pic(C) | degL = d and h0(C,L) ≥ r + 1} ⊂ Picd(C)
of linear series of degree d and dimension at least r + 1. For a general curve, the
dimension of W rd (C) is equal to the Brill-Noether Number ρ(g, d, r) = g − (r +
1)(g − d+ r) by the Brill-Noether Theorem (see [GH80]). In this paper, we study
the local structure of W 0d (C) near points of W
1
d (C).
The Brill-Noether locus W 0d (C) ⊂ Picd(C) is given locally around a point L ∈
W rd (C) with h
0(C,L) = r+1 by the maximal minors of the matrix (fij) of regular
functions vanishing at L arising from
Rpi∗L : 0 −→ Oh
0(C,L)
Pic
d(C),L
(fij)−→ Oh1(C,L)
Pic
d(C),L
−→ 0,
the only non-trivial part of the direct image complex of the Poincaré bundle L
on C × Spec(O
Pic
d(C),L) (see [Kem83]). Using flat coordinates on the universal
covering of Picd(C) ∼= H1(C,OC)/H1(C,Z), we may expand
fij = lij + qij + higher order terms,
where lij and qij are linear and quadratic forms on the tangent space H
1(C,OC) of
Pic(C) at L, respectively. A first local approximation ofW 0d (C) is the tangent cone
TL(W 0d (C)) whose ideal is generated by the maximal minors of (lij) by Riemann-
Kempf’s Singularity Theorem (see [Kem73]). Recall that the analytic type of
W 0d (C) at L is completely determined by the tangent cone. As its subvariety,
we will study the osculating cone of order 3 to W 0d (C) at the point L, denoted
2010 Mathematics Subject Classification. 14B10, 13D10, 14H51.
Key words and phrases. osculating cones, infinitesimal deformations, Brill-Noether theory,
Torelli-type theorem.
1
2 MICHAEL HOFF AND ULRIKE MAYER
by OC3(W
0
d (C), L), a better approximation than the tangent cone in the given
embedding into H1(C,OC).
In [Kem86], Kempf showed for a canonically embedded curve of genus 4, the os-
culating cone of order 3 to W 03 (C) at a point L ∈ W 13 (C) coincides with the curve.
Using Kempf’s cohomology obstruction theory, Kempf and Schreyer ([KS88]) stud-
ied the osculating cone to W 0g−1(C) for curve of genus g ≥ 5 and proved a local
Torelli Theorem (see Conjecture 1.3). Schreyer conjectured that the geometry
of the osculating cone to other Brill-Noether loci (d 6= g − 1) is rich enough to
recover the curve C. Using methods developed in [Kem86] and [KS88], we will
give a positive answer for smooth pencils L ∈ W 1d (C) with h0(C,L) = 2 and
dim(W 1d (C)) = ρ(g, d, 1) = 0.
To explain our main theorem, we introduce some notation. Let C be a smooth
canonically embedded curve of genus g = 2(d− 1) ≥ 4 over an algebraically closed
field k of characteristic different from 2. For a general curve, the Brill-Noether locus
W 1d (C) is then zero-dimensional, and for every L ∈ W 1d (C), the multiplication map
µL : H
0(C,L)⊗H0(C, ωC ⊗ L−1)
∼=−→ H0(C, ωC)(1)
is an isomorphism by [Gie82]. Hence, W 1d (C) consists of
(2d−2)!
d!·(d−1)!
reduced isolated
points. Let L be a point of W 1d (C) such that µL is an isomorphism.
By our choice of L, the projectivization of the tangent cone has a simple descrip-
tion which is important for our considerations. Recall that the projectivization of
the tangent cone and the osculating cone live naturally in the canonical space
Pg−1 := P(H0(C, ωC)∗). By Riemann-Kempf’s Singularity Theorem, PTL(W 0d (C))
is geometrically the scroll swept out by g1d = |L|. It is the union of planes D = Pd−2
spanned by the points of the divisor D ∈ |L|. Furthermore, the isomorphism of
the multiplication map yields that the scroll is smooth and hence, coincides with
the Segre embedding P1 × Pd−2 ⊂ Pg−1. We get the following diagram
P(OC3(W 0d (C), L))
  //
((❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
P1 × Pd−2
pi

  // Pg−1
P1
where pi is the projection to the first component. A point in P1 corresponds to
a divisor D ∈ |L| and the fiber over D is pi−1(D) = D. Our main theorem is a
characterization of the intersection of the osculating cone and a fiber D.
Theorem 1.1. Let C be a smooth canonically embedded curve of even genus g =
2(d − 1) ≥ 4 and let L ∈ W 1d (C) such that the multiplication map µL is an
isomorphism. If char(k) = 0, then the fiber D of the projection pi intersects the
osculating cone P(OC3(W 0d (C), L)) in the union of all intersections D1 ∩ D2 for
each decomposition D = D1 +D2 into nonzero effective divisors. If char(k) > 0,
then the above is true if pi|C : C → P1 is tamely ramified. In particular, the
osculating cone consists of 2d−1 − 1 points in a general fiber.
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In [May13], the second author showed that all intersection points are contained
in the osculating cone for a general fiber. For g = 4, this generalizes the main
theorem of [Kem86].
An immediate consequence of Theorem 1.1 is a Torelli-type Theorem for oscu-
lating cones to W 0d (C) at isolated singularities.
Corollary 1.2. The general canonical curve C of genus g = 2(d − 1) ≥ 4 is
an irreducible component of the osculating cone P(OC3(W 0d (C), L)) of order 3 to
W 0d (C) at an arbitrary point L ∈ W 1d (C).
In the case of W 1d (C) of positive dimension, we have the following local Torelli-
type conjecture for Brill-Noether loci.
Conjecture 1.3. Let C be a general canonically embedded curve of genus g and let
L ∈ W 1d (C) be a general point where dim(W 1d (C)) ≥ 1. Let V = Sing(PTL(W 0d (C))).
The projection piV : C → C ′ ⊆ P1×Ph1(C,L)−1 is birational to the image of C. Con-
sider
˜P(OC3(W 0d (C), L))
α
))❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
❘
  // ˜PTL(W 0d (C)) 

//

P˜g−1
piV

// Pg−1
P1 × Ph1(C,L)−1 // P2·h1(C,L)−1
where ∼ denotes the strict transform after blowing up V and the vertical maps are
induced by the projection from V . Then,
(a) away from points of C ′ the fibers of α are smooth or empty and
(b) for a smooth point p′ of C ′ the corresponding point p of C˜ is the only
singular point of the fiber of α over p′.
The origin of the conjecture is the work [KS88] of Kempf and Schreyer. The
authors proved the conjecture in the case d = g− 1, where W 0g−1(C) is isomorphic
to the theta divisor, thus implying a Torelli Theorem for general curves. Using
the theory of foci, similar results are shown in [CS95], [CS00].
Our local Torelli-type Theorem recovers the original curve as a component of the
osculating cone. Moreover, we can identify different components of the osculating
cone. Let C and L be as in Theorem 1.1. Let further D be a general fiber of
pi spanned by the divisor D ∈ |L| on C of degree d. Then, the osculating cone
consists of 2d−1 − 1 points in the fiber D, since there are 2d−1 − 1 decompositions
of D into nonzero effective divisors and each intersection is zero-dimensional. For
i ≤ ⌊d
2
⌋, there are (d
i
)
points of the osculating cone in the fiber D if i < d
2
and 1
2
(
d
i
)
points if i = d
2
, arising from decompositions D = D1 +D2 where deg(D1) = i or
deg(D1) = d− i. For every i, we get a curve Ci as the closure of the union of these
points. The decomposition of the curve Ci depends on the monodromy group of
the covering pi|C : C → P1. A curve Ci is irreducible if the monodromy group acts
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transitively on Ci. Recall that the monodromy group is the full symmetric group
Sd for a general curve, thus the osculating cone contains a union of ⌊d2⌋ irreducible
curves. An easy example (see [Dal85, Proposition 4.1 (b)]) where an additional
component of the osculating cone decomposes is the following. For a tetragonal
curve of genus 6 with monodromy group Z4, the trigonal curve C2, with the above
notation, decomposes in a rational and a hyperelliptic curve.
It can also happen that there are further even higher-dimensional components
of the osculating cone contained in special fibers of pi.
The paper is organized as follows. Section 2 provides basic lemmata which we
need later on and motivates our main theorem. In Section 3, we recall Kempf’s
cohomology obstruction theory. Using this theory, we will give a proof of Theorem
1.1 in Section 4.
Acknowledgements. We thank Frank-Olaf Schreyer for bringing this topic to
our attention as well as for his encouragement and useful conversations. The first
author was supported by the DFG-grant SPP 1489 Schr. 307/5-2.
2. Preliminaries and Motivation
Throughout this paper, we fix the following notation: Let C be a smooth canon-
ically embedded curve of even genus g = 2(d− 1) ≥ 4 over an algebraically closed
field of characteristic 6= 2 and let L ∈ W 1d (C) be an isolated smooth point of the
Brill-Noether locus.
We refer to [ACGH85] for basic results of Brill-Noether theory. We deduce two
simple lemmata from our assumptions on the pair (C,L).
Lemma 2.1. The linear system |L| is a base point free pencil with H1(C,L2) = 0
and surjective multiplication map µL.
Proof. Since L is a smooth point and g = 2(d − 1), the multiplication map µL :
H0(C,L)⊗H0(C, ωC⊗L−1)→ H0(C, ωC) is an isomorphism between vector spaces
of the same dimension. Furthermore, |L| is a base point free pencil since H0(C, ωC)
has no base points. By the base point free pencil trick, we deduce the vanishing
H1(C,L2)∗ = H0(C, ωC ⊗ L−2) = ker(µ) = 0 from the exact sequence
0 −→
2∧
H0(C,L)⊗ ωC ⊗ L−2 −→ H0(C,L)⊗ ωC ⊗ L−1 −→ ωC −→ 0.

Lemma 2.2. For any point p ∈ C, we have
H0(C,L2(−p)) = H0(C,L).
Proof. Let f0 ∈ H0(C,L) be a section vanishing at p. The section f0 is unique since
|L| is base point free. Let D be the divisor of zeros of f0. We get an isomorphism
L ∼= OC(D), where the section f0 corresponds to 1 ∈ H0(C,OC(D)).
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We compute the vector space H0(C,OC(2D− p)). Since h0(C,OC(D)) = 2 and
|D| is base point free, we find a rational function h ∈ H0(C,OC(D)) whose divisor
of poles is exactly D. The Riemann-Roch theorem states
h0(C,OC(2D))− h1(C,OC(2D)) = 2
(g
2
+ 1
)
+ 1− g = 3,
and since h1(C,OC(2D)) = 0 by Lemma 2.1, a basis of H0(C,OC(2D)) is given
by (1, h, h2). We conclude that
H0(C,OC(2D − p)) = H0(C,OC(D))
since h2 /∈ H0(C,OC(2D − p)). 
As already pointed out, the tangent cone coincides with the scroll swept out
by g1d = |L|. In this setting, a further important object is the multiplication or
cup-product map.
Remark 2.3. Let (lij) be the linear part of the (d − 1) × 2 matrix (fij) as in the
introduction (see also Corollary 3.2). The matrix (lij) is closely related to the
cup-product map µL. Indeed, by [Kem83, Lemma 10.3 and 10.6], the matrix (lij)
describes the induced cup-product action
∪ : H1(C,OC)→ Hom(H0(C,L), H1(C,L)), b 7→ ∪b.
Thus, the tangent cone corresponds to cohomology classes b ∈ H1(C,OC) such
that the map ∪b has rank ≤ 1. By Lemma 2.1, the multiplication map is surjective
and the homomorphism ∪b always has rank ≥ 1 for b 6= 0. We see that the map
∪b has rank equal to 1 for points in the tangent cone.
Now, we will describe the osculating cone as a degeneracy locus of a map of
vector bundles on P1 × Pd−2. This yields the expected number of points in the
intersection of the osculating cone and a fiber over P1 and motivates our main
theorem.
Let k[t0, t1] and k[u0, . . . , ud−2] be the coordinate rings of P1 and Pd−2, respec-
tively. Using these coordinates and the Segre embedding P1 × Pd−2 ⊂ Pg−1, the
linear matrix (lij) can be expressed as the matrix (ti · uj) in Cox coordinates
k[t0, t1]⊗ k[u0, . . . , ud−2]. Let (qij) be the quadratic part of the expansion of (fij)
in homogeneous forms on Pg−1. Then, the ideal of the osculating cone is generated
by homogeneous elements of bidegree (3, 3) in the ideal
I2×2
((
lij + qij
))
=I2×2
((
t0u0 + q00 . . . t0ud−2 + q0(d−2)
t1u0 + q00 . . . t1ud−2 + q1(d−2)
)T)
=I2×2
((
u0 . . . ud−2
t0q10 − t1q00 . . . t0q1(d−2) − t1q0(d−2)
)T
︸ ︷︷ ︸
=:A(t0,t1)
)
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where qij is of bidegree (2, 2) in k[t0, t1] ⊗ k[u0, . . . , ud−2] (see Definition 3.6). In
other words, the matrix A(t0,t1) induces a map between vector bundles such that
the osculating cone is the degeneracy locus of A(t0,t1).
We assume that the degeneracy locus has expected codimension d−2 in P1×Pd−2,
i.e., the osculating cone is a curve. We may determine the expected number of
points in a general fiber over P1 with the help of a Chern class computation.
Indeed, for a fixed point (λ, µ) ∈ P1, the osculating cone is given by the finite set
{p ∈ Pd−2| rank
(
A(λ,µ)(p) =
(
u0(p) . . . ud−2(p)
q0(p) . . . qd−2(p)
)T )
< 2}
of points in Pd−2 where qi ∈ k[u0, . . . , ud−2] is the polynomial t0q1i−t1q0i evaluated
in (t0, t1) = (λ, µ) for i = 0, . . . , d− 2. We compute its degree:
We define the vector bundle F as the cokernel of the first column of A(λ,µ).
Note that u0, . . . , ud−2 do not have a common zero in Pd−2. Then, the vanishing
locus of the section s(2) : OPd−2 −→ F (2) induced by the second column of A(λ,µ)
is the osculating cone in the fiber and its degree is the Chern class cd−2(F (2)).
The total Chern class of F is given by
c(F ) =
c(Od−1Pd−2)
c(OPd−2(−1))
=
1
1− t .
We can transform the total Chern class to c(F ) = 1 + t + · · · + td−2 mod td−1.
By the splitting principle, we find constants λi such that
c(F ) =
d−2∏
i=1
(1 + λit) = 1 + t+ · · ·+ td−2.
The Chern class cd−2(F (2)) is given by the coefficient of the t
d−2-term of c(F (2)) =∏d−2
i=1 (1 + (2 + λi)t), i.e., 2
d−1 − 1. If the osculating cone intersects D in a zero
dimensional scheme, then the degree of D ∩ OC3(W 0d (C), L) is 2d−1 − 1, which is
consistent with the assertion of the main theorem.
Next, we compute degree and genus of the osculating cone. As mentioned above,
the osculating cone is the degeneracy locus of the matrix A(t0,t1) and we assume
that the degeneracy locus has expected codimension d−2. Let F˜ be the pullback
of F by the second projection P1 × Pd−2 → Pd−2. Then, the vanishing locus
of s(3, 2) : OP1×Pd−2 −→ F˜ (3, 2) induced by the second column of A(t0,t1) is the
osculating cone. We compute as above the Chern class cd−2(F˜ (3, 2)) and get the
degree of the osculating cone as the total degree on P1 × Pd−2,
deg(OC3(W
0
d (C), L)) =2
d−1 − 1 + 3(
d−2∑
i=1
i · 2i−1)
=(3(d− 1)− 4)2d−2 + 2.
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If the osculating cone has expected codimension d− 2, the Eagon-Northcott com-
plex resolves the osculating cone OC3(W
0
d (C), L) ⊂ P1 × Pd−2. We can express
the Hilbert polynomial HOC3(W 0d (C),L)(x, y) of the osculating cone in terms of Betti
numbers and twists appearing in the resolution. Using computer algebra software,
we can compute the genus of the osculating cone. The genus is given as
g(OC3(W
0
d (C), L)) =1−HOC3(W 0d (C),L)(0, 0)
=1− (1 +
d−2∑
i=1
(−1)i
i∑
j=1
(
d− 1
i+ 1
)
(1− 3j)
(
d− 3− i− j
d− 2
)
)
=(3(d− 1)(d− 2)− 4)2d−3 + 2.
Example 2.4. Let C be a canonically embedded general curve of genus 6 and let
L ∈ W 14 (C) be a smooth point. We denote by S = k[t0, t1] ⊗ k[u0, u1, u2] the
coordinate ring of the Segre product P1 × P2. As explained above, we express the
ideal I(OC3(W
0
4 (C), L)) of the osculating cone in P
1 × P2 as 2 × 2 minors of the
matrix
A(t0,t1) =
(
u0 u1 u2
p0 p1 p2
)T
,
where pi ∈ S(3,2) are polynomials of bidegree (3, 2) for i = 0, 1, 2.
For a general curve, the map ϕ|L| : C → P1 has only simple ramification points
and by Theorem 1.1, the osculating cone has expected codimension 2 in P1 × P2.
By Hilbert-Burch Theorem, the minimal free resolution of I(OC3(W
0
4 (C), L)) is
0 −→ S(−3,−4)⊕ S(−6,−5) A(t0,t1)−−−−→ S3(−3,−3) −→ I(OC3(W 04 (C), L)) −→ 0.
Thus, the osculating cone is a reducible curve of degree 22 and genus 30. For more
detailed analysis of the osculating cone see the end of Section 4.
3. Kempf’s cohomology obstruction theory
First, we recall variation of cohomology to provide local equations of W 0d (C) at
the point L. Then, we introduce flat coordinates on an arbitrary algebraic group
as in [Kem86] in order to give a precise definition of the osculating cone. Finally,
we study infinitesimal deformations of the line bundle L which are related to flat
curves. This results in an explicit criterion for a point b ∈ H1(C,OC) to lie in the
osculating cone.
3.1. Variation of cohomology. Let S = Spec(A) be an affine neighbourhood
of L ∈ Picd(C), and let L be the restriction of the Poincaré line bundle over
C×Picd(C) to C×S. The idea of the variation of cohomology is to find an approx-
imating homomorphism which computes simultaneously the upper-semicontinuous
functions on S
s 7→ hi(C × {s},L⊗A k(s)), i = 0, 1,
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where k(s) = A/ms and ms is the maximal ideal of s ∈ S.
Theorem 3.1 ([Gro63] Theorem 6.10.5 or [Kem83] Theorem 7.3). Let M be a
family of invertible sheaves on C parametrized by an affine scheme S = Spec(A).
There exist two flat A-modules F and G of finite type and an A-homomorphism
α : F → G such that for all A-modules M , there are isomorphisms
H0(C×S,M⊗AM) ∼= ker(α⊗A idM), H1(C×S,M⊗AM) ∼= coker(α⊗A idM).
If we shrink S to a smaller neighbourhood, we may assume that F and G are free
A-modules of finite type by Nakayama’s Lemma. Furthermore, we may assume
that the approximating homomorphism is minimal, i.e., α ⊗A k(L) is the zero
homomorphism by [Kem83, Lemma 10.2]. Applying Theorem 3.1 toM = L leads
to the following corollary.
Corollary 3.2. The local equations of W 0d (C)|S at the point L are given by the
maximal minors of a (d−1)×2 matrix (fij) of regular functions on S which vanish
at L.
Proof. Since h0(C,L) = 2 and χ(L ⊗ k(s)) = χ(L) = 2 − (d − 1), ∀s ∈ S, the
A-modules F and G are free of rank 2 and d− 1, respectively. 
3.2. Flat coordinates and osculating cones. We recall the definition of the flat
structure on an algebraic group and of the osculating cone according to [Kem86,
Section 1 & 2].
In the analytic setting, a Lie group G and its tangent space g are related by
the exponential mapping, which is an analytic diffeomorphism between an open
neighbourhood of the identity of G and an open neighbourhood of the origin of g
(see for instance [Hel01, Chapter II, §1]). Roughly speaking, the flat structure on
an algebraic group is a truncated exponential mapping. We explain this in more
details.
For an algebraic group X of finite type over an algebraically closed field, let Xn,x
be the n-th infinitesimal neighbourhood of x ∈ X which is given by the (n + 1)-st
power of the ideal of x. It is sufficient to define the flat structure on X at the
identity e since we can translate this to any point of X. We denote T the tangent
space toX at e. Recall that the identity is the fixed point of them-power operation
which sends g to gm for all m ∈ Z.
Definition 3.3. The flat structure of n-th order on X at e is given by an equivari-
ant isomorphism ι : Tn,0 → Xn,e so that the multiplication by m on Tn,0 coincides
with the action of the m-power operation on Xn,e for all integers m. We call a
smooth subvariety Y ⊂ X passing through e flat to the n-th order if ι−1(Yn,e) has
the form Sn,0 where S is a linear subspace of T .
Remark 3.4. (a) If char(k) = 0, there is a unique flat structure of order n for
all n ∈ N. In the limit, these flat structures give an analytic isomorphism
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between a neighbourhood of the 0 in T and a neighbourhood of e in X, the
exponential mapping.
(b) If char(k) = p, there exists a flat structure on X if n is strictly less than p.
(c) Let E ⊂ X be a smooth curve passing through x. Then E is flat for the
flat structure of order n if and only if the m-power operation maps En,x to
En,x for all integers m.
In Subsection 3.3, we will give an explicit description of the flat structure on the
Picard variety Pic(C).
By abuse of notation, we call ι the equivariant isomorphism defining the flat
structure at an arbitrary point x ∈ X. We use the isomorphism ι to expand
regular functions on X at x. More precisely, let f1, . . . , fm be regular functions on
X at x such that their pullback under ι forms a basis {x1, . . . , xm} for the linear
functions on Tn,0.
Definition 3.5. Let g be a regular function on X at x. An expansion of g in flat
coordinates is the expansion ι∗(g) = gk + gk+1 + · · · where gj is a homogeneous
polynomial in the variables xi on T . A component of f is such a homogeneous
polynomial in the expansion.
Our main object of interest is the following.
Definition 3.6. Let X be an algebraic group with a flat structure and let Y ⊂ X
be a smooth subvariety passing through x ∈ X. The osculating cone of order r to
Y at a point x, denoted by OCr(Y, x) ⊂ Tx(X), is the closed scheme defined by
the ideal generated by the forms
{fk| fk is a component for an element f ∈ I(Y ), ∀k ≤ r}.
To get back to the Brill-Noether locus W 0d (C), we end this section with an
example.
Example 3.7. For the Brill-Noether locus W 0d (C) ⊂ Picd(C), the tangent cone at
L ∈ W 1d (C) coincides with the osculating cone OC2(W 0d (C), L) of order 2. Indeed,
by Corollary 3.2, the Brill-Noether locus W 0d (C) is given locally by the maximal
minors of a (d− 1)× 2 matrix of regular functions vanishing at L. Thus, the ideal
of the tangent cone is generated by all quadratic components in the flat expansion
of regular functions in the ideal of W 0d (C).
3.3. Infinitesimal deformations of global sections of L. We follow [Kem83,
Section 3] in order to represent points of the canonical space H0(C, ωC)
∗ by prin-
cipal parts of rational functions in OC . Then, we introduce flat coordinates on
Pic(C) and show the connection of an infinitesimal deformation of L and flat
curves in Pic(C) as in [Kem86, Section 2]. Everything leads to a criterion for
points in the canonical space to lie in the osculating cone.
Let M be an arbitrary line bundle on C and let Rat(M) be the space of all ra-
tional sections of M. For a point p ∈ C, the space of principal parts of M at p is
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the quotient
Prinp(M) = Rat(M)/Ratp(M),
where Ratp(M) is the space of rational sections ofM which are regular at p. Since
a rational section of M has only finitely many poles, we get a mapping
p : Rat(M) −→ Prin(M) :=
⊕
p∈C
Prinp(M)
s 7−→ (s modulo Ratp(M))p∈C
and the following lemma holds.
Lemma 3.8. [Kem83, Lemma 3.3] The kernel and cokernel of p are isomorphic
to H0(C,M) and H1(C,M), respectively.
In particular, an element b ∈ H1(C,OC) is represented by a collection β =
(βp)p∈C of rational functions, where βp is regular at p except for finitely many p.
We turn to infinitesimal deformations of our line bundle L ∈ W 1d (C) which
are determined by elements in H1(C,OC). Furthermore, we will give an explicit
description of the flat structure on Pic(C).
Let Xi be the infinitesimal scheme Spec(Ai) supported on one point x0, where
Ai is the Artinian ring k[ε]/ε
i+1 for i ≥ 1. We consider the sheaf homomorphism
OC −→ O∗C×Xi given by the truncated exponential mapping
s 7−→ 1 + sε+ s
2ε2
2
+ · · ·+ s
iεi
i!
=: expi(sε),
which is the identity on C × {x0}. This homomorphism induces a map between
cohomology groups
H1(C,OC) −→ H1(C ×Xi,O∗C×Xi),
where the image of a cohomology class b ∈ H1(C,OC) determines a line bundle on
C ×Xi, denoted by Li(b), and whose restriction to C ×{x0} is the structure sheaf
OC . For i = 1, this is the usual identification between H1(C,OC) and the tangent
space to Pic(C) at OC . Furthermore, there exists a unique morphism
expi(b) : Xi → Pic(C)
such that expi(b)(x0) = OC and Li(b) is the pullback of the Poincaré line bundle
under the morphism idC × expi(b) by the universal property of the Poincaré line
bundle. The image of expi(b) in Pic(C) is a flat curve. Indeed, for a general i,
we have expi(b)
n = expi(nb) for all integers n. By Remark 3.4 (c), the image of
expi(b) is a flat curve through OC for b 6= 0 in the canonical flat structure on the
algebraic group Pic(C).
After translation of the flat structure to the point L, we get flat curves
expi(b) : Xi −→ Pic(C)
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with expi(b)(x0) = L for b ∈ H1(C,L). We will describe the infinitesimal defor-
mation of L corresponding to such a flat curve in more detail. If b ∈ H1(C,OC) is
represented by a collection β = (βp)p∈C of rational functions, then the line bundle
Li(b) is the i-th deformation of L whose stalk at p is given by rational sections
f = f0 + f1ε + · · · + fiεi ∈ Rat(L) ⊗ Ai such that f exp(βpε) is regular at p. A
different choice of β gives a different but isomorphic subsheaf of Rat(L)⊗Ai (see
[Kem86, end of §2] for the details).
Example 3.9. If i = 2, then f = f0 + f1ε+ f2ε
2 ∈ Rat(L)⊗A2 is a global section
of L2(b) if the following three conditions are satisfied:
(a) f0 is a global section of L,
(b) f1 + f0βp is regular at p for all p ∈ C and
(c) f2 + f1βp + f0β
2
p/2 is regular at p for all p ∈ C.
Note that the conditions are independent of the representative βp.
Furthermore, we have exact sequences
0 −→ εL −→L1(b) −→ L −→ 0,(2)
0 −→ ε2L −→L2(b) −→ L1(b) −→ 0, etc..
Using the first exact sequence, we get a criterion for points in the canonical space
lying in the tangent cone. We denote by k · b the line spanned by a cohomology
class b.
Lemma 3.10. Let 0 6= b ∈ H1(C,OC) be a nonzero cohomology class. The point
k · b ∈ Pg−1 lies in the tangent cone if and only if there exists a global section
f0 + f1ε ∈ H0(C ×X1, L1(b))
where f0 6= 0 is unique up to scalar.
Proof. Let 0 6= b ∈ H1(C,OC) be a cohomology class. Applying the global section
functor to the short exact sequence (2), we get the exact sequence
0 −→ H0(C,L) −→ H0(C ×X1, L1(b)) −→ H0(C,L) ∪b−→ H1(C,L)
where the coboundary map is given by the cup-product with b by [Kem83, Lemma
10.6]. By Remark 2.3, k ·b is in the tangent cone if and only if the map ∪b has rank
1. Thus, for points in the tangent cone, H0(C × X1, L1(b)) is three-dimensional
and there exists a global section as desired. 
The following criterion provides the connection of the osculating cone of order
3 and second order deformations of L. The proof follows [KS88, Lemma 4].
Lemma 3.11. Let 0 6= b ∈ H1(C,OC) be a nonzero cohomology class. The point
k · b ∈ Pg−1 lies in the osculating cone of order 3 if and only if there exists a global
section
f0 + f1ε+ f2ε
2 ∈ H0(C ×X2, L2(b))
where f0 6= 0.
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Proof. Applying Theorem 3.1 to L2(b), there exists an approximating homomor-
phism of A2-modules
A22
ϕ−→ Ad−12
such that ker(ϕ) = H0(C × X2, L2(b)), coker(ϕ) = H1(C × X2, L2(b)) and the
pullback of W 0d (C) via the flat curve exp2(b) : X2 −→ Pic(C) is given by the
maximal minors of ϕ. In other words, ϕ is the pullback of the matrix (fij) of
Corollary 3.2. The matrix ϕ is equivalent to a matrix(
εu 0 0 · · · 0
0 εv 0 · · · 0
)T
with 1 ≤ u ≤ v ≤ 3 since ϕ⊗ k(L) = 0.
Hence, the line k · b is contained in the osculating cone OC3(W 0d (C), L) if and only
if u+ v ≥ 4. Since the tangent cone is smooth and the point b 6= 0, the exponent
u = 1. We conclude that the line k · b ∈ OC3(W 0d (C), L) if and only if v = 3. Since
ε3 = 0, there exists a global section f = f0 + f1ε+ f2ε
2 ∈ H0(C ×X2, L2(b)).
Restricting ϕ to k ∼= A0, we get a commutative diagram
0 // H0(C ×X2, L2(b)) //

A22
ϕ
//

Ad−12
0 // H0(C,L)
∼=
//
k
2 0 //
k
d−1
and thus, f0 is nonzero in H
0(C,L). 
Let k · b be a point in the tangent cone and let f0 + f1ε be the corresponding
global section as in Lemma 3.10. The following corollary answers the question of
whether a second order deformation of the global section f0 ∈ H0(C,L) is possible.
Corollary 3.12. Let 0 6= b = [β] ∈ H1(C,OC) be a cohomology class, such that
k · b lies in the tangent cone. Then, k · b is contained in the osculating cone of
order 3 if and only if the class [f0β
2
2
+ f1β] is zero in H
1(C,L)/(H0(C,L) ∪ [β])
for the section f0 + f1ε ∈ H0(C ×X1, L1(b)) of Lemma 3.10.
Proof. The cohomology class [f0β
2
2
+ f1β] is zero in H
1(C,L)/(H0(C,L) ∪ [β]) if
and only if f0β
2
2
+ f1β + f2 + f˜β is regular for an f˜ ∈ H0(C,L) and a rational
section f2. Taking Example 3.9 into account, this condition is satisfied if and only
if f0 + (f1 + f˜)ε + f2ε
2 ∈ H0(C ×X2, L2(b)) since f0 + f1ε ∈ H0(C ×X1, L1(b)).
Thus, it is equivalent for b to be in the osculating cone of order 3 by Lemma
3.11. 
In the proof of Theorem 1.1, we will describe points in the fiber of the tangent
cone over P1 in terms of principal parts. We need the following lemma (see [Kem86,
Section 3]).
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Lemma 3.13. Let f0 ∈ H0(C,L) be a global section and let D be its divisor of
zeros. The fiber of the tangent cone D over the point k · f0 ∈ P(H0(C,L)) is the
projectivization of the kernel of ∪f0 : H1(C,OC) → H1(C,OC(D)), denoted by
K(f0). Furthermore, K(f0) is generated by cohomology classes of principal parts
bounded by D, i.e., elements of H0(C,OC(D)|D) modulo the total principal part of
elements in H0(C,OC(D)).
Proof. The first statement is clear by Remark 2.3. For the second statement, we
consider the short exact sequence 0 −→ OC −→ OC(D) −→ OC(D)|D −→ 0 and
its long exact cohomology sequence
0→ k→ H0(C,OC(D)) ρ−→ H0(C,OC(D)|D)→ H1(C,OC) ∪f0−→ H1(C,OC(D)).
Thus, K(f0) = coker(H
0(C,OC(D)) ρ−→ H0(C,OC(D)|D)). The map ρ is the
restriction of the map p to the finite dimensional vector space H0(C,OC(D)), i.e.,
there is a commutative diagram
H0(C,OC(D)) ρ // _

H0(C,OC(D)|D) _

Rat(OC(D)) p // Prin(OC(D)).
The second statement follows. 
4. Proof of the main theorem
Our proof is a modification of the proof in [Kem86, Section 4]. We fix the
notation for the proof: Let
D =
n∑
i=1
kipi
be an arbitrary divisor in the linear system |L|, where ki ≥ 1 and
∑n
i=1 ki = d. Let
f0 ∈ H0(C,L) be the section whose divisor of zeros is exactly D and let (f0, g0) be
a basis of H0(C,L). Let h := g0
f0
∈ H0(C,OC(D)) ∼= H0(C,L). We now assume
that each ramification point is tame, i.e., the ramification index ki ≥ 2 is coprime
to the characteristic of k.
Proof of Theorem 1.1. We proceed as follows. We determine the condition on a
point in the fiber to lie in the osculating cone and reduce this condition to a system
of equations. To this end, we present the set of solutions as well as their geometry.
Let b := [β] 6= 0 be an arbitrary point in the fiber D of the tangent cone, where
β = (βp)p∈C ∈ Prin(OC(D)). By Lemma 3.13, we can choose the principal part
β such that βp is regular away from the support of D and the pole order at pi is
bounded by ki, i.e., β is spanned by elements of H
0(C,OC(D)|D).
First of all, we state the condition that the point b lies in the osculating cone.
Since the line k · b spanned by b is a point in a fiber D of the tangent cone, f0β is
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regular and f0+0ε is a global section of H
0(C×X1, L1(b)) by Lemma 3.10. We can
apply Corollary 3.12. The point k · b ∈ D is in the osculating cone OC3(W 0d (C), L)
if and only if there exist sections f1, f2 ∈ Rat(L) such that
f0β
2
2
+ f1β + f2 is regular at pi.(3)
Note that f1 and f2 are everywhere regular by Corollary 3.12 and Lemma 2.2,
respectively. Thus, f1, f2 ∈ H0(C,L) and the global section f1 = af0 + cg0 is a
linear combination of f0 and g0. Since f0β is regular, condition (3) simplifies:
f0β
2
2
+ cg0β is regular at all pi
for some constant c ∈ k.
Now, we reduce the condition to a simple system of equations. Since regularity
is a local property, we study our condition at every single point pi of the support
of D. To simplify notation we set p := pi and k := ki.
Then, βp =
∑k
i=1 λiβi, where βi is the principal part of a rational function with
pole of order i at p. Hence, β1, . . . , βk is a basis of H
0(C,OC(D)|k·p) and βp is an
arbitrary linear combination of this basis.
We have to choose our basis of H0(C,OC(D)|k·p) carefully in order to get the
polar behaviour in condition (3) at p under control. More precisely, we want to
have equalities βjβk+i−j = βiβk for i ∈ {1, . . . , k} and j ∈ {i, . . . , k}.
An easy local computation shows the following claim which implies our desired
equalities. Here, we need that p is a tame point, i.e., the characteristic of k does
not divide k.
Claim. There exists a basis {βi}i=1,...,k of H0(C,OC(D)|k·p), i.e. the stalk of
OC(D)|k·p at p, satisfying the equations βk = h|p and βi = (β1)i for all i.
Proof. A basis of the stalk of OC(D)|k·p at p is the images of t−1, t−2, . . . , t−k
under p : Rat(OC(D)) → Prin(OC(D)) where t is a local parameter function
which vanishes simply at p. After rescaling our local parameter, we may assume
that βk := h|p is of the form
βk = (c1t
−1 + c2t
−2 + · · ·+ ck−1t−k+1 + t−k)|p ∈ OC(D)|k·p
for some constants c1, . . . , ck−1 ∈ k. We define β1 to be the expansion of the k-th
root of the rational function F := c1t
−1 + c2t
−2 + · · ·+ ck−1t−k+1 + t−k up to some
order. Therefore, we need the assumption that the characteristic of k does not
divide k. To be more precise, let
k
√
F = k
√
c1tk−1 + · · ·+ ck−1t + 1 · 1
t
=
1
t
·
(
k−1∑
j=0
(
1/k
j
)
(c1t
k−1 + · · ·+ ck−1t)j + h.o.t
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be the expansion of k
√
F . We define
β1 :=
1
t
(
k−1∑
j=0
(
1/k
j
)
(c1t
k−1 + c2t
k−2 + · · ·+ ck−1t)j
) ∣∣∣∣
p
and βi := (β1)
i for i = 1, . . . , k− 1. Note that βi is the principal part of a rational
function with pole of order i and βk1 − βk ∈ Ratp(OC(D)). Hence, {βi}i=1,...,k form
a basis and βk = (β1)
k.
Recall that f0βk = f0 · g0f0 |p = g0|p and f0βiβj is regular for i+ j ≤ k. Using our
careful choice of βi, condition (3) is fulfilled at the point p if and only if
f0(βp)
2
2
+ cg0βp =
f0
2
(
k∑
i=1
λiβi
)2
+ cg0
(
k∑
i=1
λiβi
)
=
f0
2
(
k∑
i=1
k∑
j=1
λiλjβiβj
)
+ cg0
(
k∑
i=1
λiβi
)
=
f0
2
(
k∑
i=1
k∑
j=i
λjλk+i−jβjβk+i−j
)
+ cg0
(
k∑
i=1
λiβi
)
=
f0
2
βk
(
k∑
i=1
(
k∑
j=i
λjλk+i−j
)
βi
)
+ cg0
(
k∑
i=1
λiβi
)
=
g0
2
(
k∑
i=1
(
k∑
j=i
λjλk+i−j + 2cλi
)
βi
)
∈ OC(D)|k·p
is regular at p.
Since the global section g0 does not vanish at p ∈ Supp(D), condition (3) is regular
at p if and only if
k∑
j=i
λjλk+i−j + 2cλi = 0
for all i = 1, . . . , k.
At the end, we have to solve this system of equations and describe the geometry.
Let λi, c be a solution of the equations. In order to relate a solution to its geometry,
we distinguish two cases. The second case is only relevant if the multiplicity k ≥ 2.
Case 1. If c 6= 0, then either βp = −2cβk = −2c · h|p or βp = 0. Geometrically,
either k · [βp] = k · [h|p] ∈ k · p or [βp] = 0.
Proof. Let c be a nonzero constant. We consider the equation
λ2k + 2cλk = 0.
Hence, either λk = −2c or λk = 0. For both solutions, the equation
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2λk−1λk + 2cλk−1 = 0
implies that λk−1 = 0. Inductively, λi = 0 for 1 ≤ i ≤ k − 1, which proves our
claim.
Case 2. If c = 0, then βp =
⌊k
2
⌋∑
i=1
λiβi is an arbitrary linear combination. Geomet-
rically, k · [βp] ∈ ⌊k2⌋ · p.
Proof. If c = 0, then the system of equation reduces to{
λ2k = 0 (i=k)
λk−1λk + λkλk−1 = 0 (i=k−1){
λk−2λk + λ
2
k−1 + λkλk−2 = 0 (i=k−2)
λk−3λk + λk−2λk−1 + λk−1λk−2 + λkλk−3 = 0 (i=k−3)
...{
λk−2lλk + · · ·+ λ2k−l + · · ·+ λkλk−2l = 0 (i=k−2l)
λk−2l−1λk + · · ·+ λk−l−1λk−l + λk−lλk−l−1 + · · ·+ λkλk−2l−1 = 0 (i=k−2l−1)
...
λ1λk + · · ·+ λ⌊k+1
2
⌋λ⌈k+1
2
⌉ ++ · · ·+ λkλ1 = 0 (i=1).
Thus, λk = 0 solve the first two equations. The second pair now gives λk =
λk−1 = 0. Inductively, we obtain λk−l = 0 for all l with k−2l ≥ 1. Whether the last
equation gives a condition depends on the parity of k. Thus λk = · · · = λ⌊k
2
⌋+1 = 0
and λ1, . . . , λ⌊k
2
⌋ arbitrary is the solution of the system of equations.
This completes the local study of condition (3). We now make use of the local
description of β which leads to a global picture. The principal part β =
∑n
i=1 βpi
is supported on D. Since the constant c is the same for all local computations,
either all principal parts βpi satisfy Case 1 or all principal parts satisfy Case 2.
By Lemma 3.13, the total principal part of h yields a relation[ n∑
i=1
h|pi
]
= 0.(∗)
If we are in Case 1, let ∅ 6= I ( {1, . . . , n} be the set of indices, where [βpi] =
[h|pi] 6= 0 and let Ic = {1, . . . , n}\I be its complement, then the nonzero point
b = [β] lies in the osculating cone if and only if
k · b = k ·
[∑
i∈I
h|pi
]
(∗)
= k ·
[∑
i∈Ic
h|pi
]
∈
∑
i∈I
kipi︸ ︷︷ ︸
=:D1
⋂∑
i∈Ic
kipi︸ ︷︷ ︸
=:D2
,
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In Case 2, the nonzero point b = [β] lies in the osculating cone if and only if
k · b ∈
n∑
i=1
⌊
ki
2
⌋
pi =
n∑
i=1
⌊
ki
2
⌋
pi︸ ︷︷ ︸
=:D1
⋂ n∑
i=1
⌈
ki
2
⌉
pi︸ ︷︷ ︸
=:D2
.
Note that
∑n
i=1⌊ki2 ⌋pi is the greatest linear span of osculating spaces to C at pi
which can be expressed as an intersection D1 ∩ D2 of a nonzero effective decom-
position D = D1 +D2. Our theorem follows. 
Remark 4.1. The two cases, appearing in the proof, contribute differently to the
osculating cone. From the first case, we always get 2n−1−1 points in the osculating
cone. If the curve C has at least one ramification point in the fiber, there is
a (
∑n
i=1⌊ki2 ⌋ − 1)-dimensional component in the fiber by the second case. The
osculating cone has a higher-dimensional component in a fiber D of the tangent
cone unless D = p1+· · ·+pd orD = 2p1+p2+· · ·+pd−1 orD = 3p1+p2+· · ·+pd−2.
Example 4.2 (Example 2.4 continued). In a fiber over a general point (λ : µ) ∈ P1,
the curve C is unramified. In a general fiber, which is a projective plane, the four
distinct points of C determine three pairs of connection lines and hence, three
corresponding intersection points. Thus, all intersection points, associated to the
pencil |L| on C, sweep out a trigonal curve C2 (see also [BL04, Section 12.7]). We
assume that piC : C → P1 has only simple branch points. By the Riemann-Hurwitz
formula
2 · 6− 2− 4 · (2 · 0− 2) = 18,
the curve C has 18 simple ramification points. Applying Theorem 1.1 for D =
2p1 + p2 + p3, there are 4 points in a special fiber as mentioned above.
By the geometry of these points, every simple ramification point of C is a simple
ramification point of C2, too. Hence, the genus g(C2) of C2 is
g(C2) =
3 · (−2) + 18
2
+ 1 = 7
by the Riemann-Hurwitz formula. Furthermore, C and C2 intersect transversally
since
χ(C ∩ C2) =χ(C) + χ(C2)− χ(C ∪ C2)
=χ(C) + χ(C2)− χ(OC3(W 04 (C), L)) = 1− 6 + 1− 7− (1− 30) = 18.
The osculating cone is thus the union of two transversal intersecting curves of
genus 6 and genus 7.
Note that the space of the six connection lines induce an étale double cover
C˜2 → C2 of the trigonal curve C2. By Recillas’ theorem ([Rec74]), the Jacobian of
C and the Prym variety associated to C˜2 → C2 are isomorphic.
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Remark 4.3. We now consider a general curve of arbitrary genus g ≥ 5 and a
point L of a Brill-Noether locus W 1d (C) of dimension at least 1. Then, Lemma
3.10 and Lemma 3.11 are still true. With the methods used in the proof of the
main theorem, one can show that for a general divisor D ∈ |L|, the intersection of
the osculating cone and the linear span D contains all intersection points of the
form D1 ∩D2 for any decomposition D = D1 +D2 into nonzero effective divisors.
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